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Abstract—In this paper we study the tone reservation method
for reducing the peak to average power ratio (PAPR) in gen-
eral orthonormal transmission systems. We prove that strong
solvability, where the peak value of the transmit signal has to
be bounded by a constant times the energy of the information
symbols, is equivalent to weak solvability, where the peak value
of the transmit signal has to be only bounded. Further, we show
that in the case where the PAPR problem is not weakly solvable,
almost all information sequences lead to an unbounded transmit
signal.

Index Terms—Orthonormal transmission system, peak to av-
erage power ratio, tone reservation, weak solvability, strong
solvability

I. INTRODUCTION

OR communication systems that target high spectral

efficiencies, multi waveform transmission methods, such
as OFDM and generalizations, are considered. Many of these
techniques are also a current research topic in the development
of 5G. One drawback of multi waveform schemes are large
peak values of the transmit signal, which might occur, depend-
ing on the information symbols to be transmitted. These high
signal values can be a problem for the hardware, in particular
the power amplifier.

A central factor in the design of future communication
systems is their efficiency in terms of energy consumption
during operation. Besides ecological considerations, a low
energy consumption is essential for the cost effectiveness of
operating a network. In general, the ambitions to reduce the
energy consumption in electrical systems led to the idea of
“green IT” several years ago. In view of the exponential
increase of the data that is transported in communication
networks, the importance of these questions will even increase.
However, many questions that are related to energy efficient
hardware design turned out to be challenging and only few of
the original goals have been achieved.

Our considerations are related to the efficiency of the power
amplifier in wireless communication systems. In theory one
often assumes an ideal amplifier characteristic, i.e., a linear
input-output behavior. In practice, however, such a behavior
cannot be realized at a reasonable cost. Outside an operating
range, where the amplifier can be considered to be linear,
the gain is reduced and the amplifier saturates. Large signal
values at the input can overload the amplifier, leading to signal
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distortion and out-of-band radiation [1]. Consequently, the
design of suitable waveform transmission schemes with small
peak to average power ratios (PAPRs) is an important task. For
the design of suitable waveforms, it is further vital to consider
the physical properties of the transmission channel as well as
the possibilities of the hardware for implementation.

Classical transmission schemes, such as orthogonal fre-
quency division multiplexing (OFDM) and code division mul-
tiple access (CDMA), suffer from large PAPRs [2]-[5]. For
future communication systems other, more general waveform
transmission schemes are discussed [6]. Large PAPR values,
however, are not specific to OFDM and CDMA systems, but
rather occur for arbitrary multi waveform schemes based on
bounded orthonormal systems (ONS). It is well known that
the PAPR of such signals can be as large as v/ N, where N
denotes the number of carriers [7].

In order to reduce the PAPR, several methods have been
proposed [8]-[12], among them the popular tone reservation
method [13]-[17], which we consider in this paper. In this
method, the set of available carriers is partitioned into two
sets, the first of which is used to carry the information
(information set), and the second of which to reduce the PAPR
(compensation set). In the tone reservation method only the
transmitter has to find the suitable compensation symbols. The
information set is known in advance to both the transmitter and
receiver, and therefore no additional coordination or informa-
tion exchange between transmitter and receiver is needed. The
receiver simply disregards the compensation symbols and uses
only the information symbols.

In the tone reservation method not the entire available
energy is used for the transmission of information, instead a
certain fraction is used for compensation, i.e., reduction of the
PAPR of the transmit signal. The reduced PAPR of the transmit
signal makes it possible to use more efficient power amplifiers
that save energy. Hence, from an energy perspective, there is
a trade-off, and to date a thorough quantitative analysis of this
trade-off is missing. A first step towards the development of
such an analysis, is a better theoretical understanding of the
tone reservation method.

Tone reservation is an elegant procedure and easy to define.
The practical implementation however is difficult. Little of
the available results are analytic in nature, and, to the best
of our knowledge, there exists no efficient algorithms for the
calculation of the compensation set for an arbitrary number of
carriers. Central questions in the context of tone reservation
are: What is the best possible reduction of the PAPR? What
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is the optimal information set that achieves this reduction,
and how can it be found? What is the general form of the
information set? There has been little theoretical work done
in this area and so far none of these questions could be fully
answered.

In order to tackle these questions it is important to under-
stand the structure of the problem. Two different solvability
concepts have been proposed: strong and weak solvability. The
concept of weak solvability was first discussed in Section 4.7
of the chapter “Mathematics of signal design for communica-
tion systems” in [18]. However, when [18] was published, it
was unclear how the PAPR problem behaves for the concept
of weak solvability. In [19] it was shown for OFDM that if the
PAPR problem is not weakly solvable, then the set of informa-
tion sequences for which the transmit signal is unbounded is
a residual set, regardless of the choice of b € ¢?(K). Further,
it was proved in [19] that for OFDM both concepts—weak
and strong solvability of the PAPR problem—are equivalent.
In this paper, we generalize this result to arbitrary complete
ONSs. On the technical side, this generalization is far from
trivial. The proof in [19] exploited specific properties of the
system of exponentials that is used in OFDM, and therefore
does not work for arbitrary complete ONSs. Hence, in the
present paper, we need to use a completely different approach
for the proof. The generalization to arbitrary complete ONSs
is a significant step, because the development of orthogonal
transmission schemes is still ongoing, and other waveforms
than those employed in OFDM are actively considered in
modern standards, such as 5G [20].

In Section III we will explain the tone reservation method
in more detail, and in Section IV we introduce the concepts
of weak and strong solvability of the PAPR problem. Then
in Section V, we present our main result, the equivalence of
weak and strong solvability for arbitrary bounded complete
ONSs. In the Section VI, we apply the findings and show that
if the PAPR problem is not weakly solvable, then for a large
class of transmit signals the PAPR cannot be controlled, i.e.,
a compensation is not possible. This is the generic behavior,
because it occurs for “almost all” signals.

II. NOTATION

By LP[0,1], 1 < p < oo, we denote the usual LP-spaces
on the interval [0, 1], equipped with the norm || - || .r[0,1]. For
an index set Z C Z, we denote by ¢?(Z) the set of all square
summable sequences ¢ = {c } ez indexed by Z. The norm is
given by |lc[lez(z) = (XCrerlcrl?)/2 By |A| we denote the
cardinality of a set A, and by Z the complex conjugate of a
complex number z.

The Rademacher functions r,,, n € N, on [0, 1] are defined
by r,(t) = sgn[sin(72"t)], where sgn denotes the signum
function with the convention sgn(0) = —1. The Walsh
functions w,, n € N, on [0, 1] are defined by

C

and
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for k=0,1,2,... and m = 1,2,...,2%. Note that we use an
indexing of the Walsh functions that starts with 1. The Walsh
functions {w,, }nen form an orthonormal basis for L2[0, 1].
For further details about the Walsh function, see for example
[21].

Further, we need the following concepts from metric spaces
[22]. A subset M of a metric space X is said to be nowhere
dense in X if the closure [M] does not contain a non-empty
open set of X. M is said to be meager (or of the first category)
if M is the countable union of sets each of which is nowhere
dense in X. M is said to be nonmeager (or of the second
category) if it is not meager. The complement of a meager
set is called a residual set. According to Baire’s theorem
[22], in a complete metric space any residual set is dense
and nonmeager. Residual sets may be considered as “big” and
meager sets as “small”. Two properties that shows the richness
of residual sets are the following: the countable intersection
of residual sets is always a residual set; and any superset of a
residual set is a residual set. The small size of meager sets is
illustrated by the next two properties: The countable union of
meager sets is always a meager set; and any subset of a meager
set is a meager set. A rough analog in probability theory are
sets having probability one and sets having zero probability.

III. PROBLEM FORMULATION AND TONE RESERVATION
A. PAPR for Wave Form Transmission

We start our discussion with one-dimensional time signals,
as they appear in applications. Please note that our main
results, presented in Section V, hold in greater generality for
measure spaces, including multidimensional signals.

Without loss of generality, we can restrict ourselves to sig-
nals defined on the interval [0, 1]. Signals with other duration
can be simply scaled to be concentrated on [0, 1]. For a signal
s, we define
_isllze=po,

I/l 220,17
i.e., the PAPR is the ratio between the peak value of the
signal and the square root of the power of the signal. Since
sl 210,17 < I8l zoc[0,1]> We always have

PAPR(s) > 1. (1)

PAPR(s)

Note that the PAPR is usually defined as the square of this
value. This however, from a mathematical point of view, makes
no difference for the results in this paper.

In the case of an orthogonal transmission scheme, using the
ONS {1 }rer C L?[0,1], the PAPR of the transmit signal

S(t) = ch(bk(t)v te [07 1]7
ke

with coefficients ¢ = {cy }rez, i given by

PAPR(s) = 12 kez ckPrllLoopo) ’

llclle2(z)

because {¢x}rez is a ONS, which implies that |[s|[20,1] =
llclle2(z)-

For an orthogonal transmission scheme, the peak value of
the signal s, and hence the PAPR, can become large, as the
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Fig. 1. Block diagram of a general orthogonal waveform transmission scheme
with tone reservation. In this example {¢,, } nen is a complete ONS, and we
have Z=N, K ={1,...,N}, and K* =N\ K.

following result shows. Given any system {¢,}Y_; of N
orthonormal functions in L]0, 1], then there exist a sequence
{e.}N_, C C of coefficients with ™ |¢,|2 = 1, such that
101 endallzepoar = VN [71.

For the OFDM case, where the complete ONS consists
of complex exponentials {e?* 27}, .7 and the CDMA case,
where the complete ONS is given by the Walsh functions
{wy, }nen, this can be easily seen. For the sequence

1<n<N,

0, otherwise,
we clearly have Ziv=1|cn\2 = 1. In the OFDM case we have
N

c eint27r
§ n

n=1

N

E eznt27r
1

n=

1
= —— max

= VN,
ey VIV e

and in the Walsh case

N
E CpWy, =+vVN,
n=1

L5°[0,1]

N
§ W,
n=1

1
L>[0,1] VN
because 25:1 wy(t) = N for all t € (0,1/N).

The significance of tone reservation, which is illustrated in
Fig. 1, has already been discussed in the introduction. Next,
we introduce the method more precisely. Let {¢y }rez be an
ONS in L2[0,1]. We additionally assume that ||¢y|lec < 00,
k € Z, ie., we consider the practically relevant case of
bounded functions. In the tone reservation method, the index
set Z is partitioned in two disjoint sets, the information set X
and the compensation set KC. The set K is used to carry the
information and the set K¢ to reduce he PAPR. Note that the
set KC can be finite or infinite. For a given information sequence
a = {ag}rex € 2(K), the goal is to find a compensation
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sequence b = {ax},cxc € £2(KC) such that the peak value of
the transmit signal

s(t) = ange(t)+ Y bror(t), te[0,1],

keKx kekt

=:A(t) =:B(t)

is as small as possible. A(t) denotes the signal part which
contains the information and B(t) the part which is used to
reduce the PAPR.

Note that we allow infinitely many carriers to be used for the
compensation of the PAPR. This is also of practical interest,
since the solvability of the PAPR problem in this setting is a
necessary condition for the solvability of the PAPR problem
in the setting with finitely many carriers.

B. General Complete ONS

In the remainder of this paper we generalize the problem
to ONSs on measure spaces. This includes multidimensional
signals but also one-dimensional signals as discussed in the
previous section.

Let 2 be a nonempty set, 2l a o-algebra on the set €2, and
i a measure on (€2,2(), such that (Q2,2(, u) be a separable
measure space with 1(2) < co. Without loss of generality we
will assume that p is a probability measure, i.e., that u(Q2) = 1,
because this avoids unpleasant normalization constants. For
1 <p< oo, we set

LP(p) = {f measurable: || f||1r(,) < o0},

T ( i du>’“

for 1 < p < oo, and

where

[[fll o () = ess sup|f(?)]
teQ
for p = co. By

esss(glpg(t) =inf{M e R: u({t € Q: g(t) > M}) =0}
te
we denote the essential supremum of a measurable function
g: 2 — R. As usual, we identify two functions that are equal
p-almost everywhere (a.e.). L?(u) is a Hilbert space. Since
L?(u) is separable, and L?(u) is dense in L!(u), it follows
that L'(p) is separable.

Let {¢, }nen be a complete ONS in L?(u). Then, for all
f € L?(u), we have

Ny )
dm ff;an(f)% dp =0,
where
on(f) = | £
as well as -
> fanll* = J1912
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IV. STRONG AND WEAK SOLVABILITY

Next we introduce two solvability concepts for the tone
reservation method. The difference of the two concepts lies
in the way how we control the peak value, i.e. the L*° norm,
of the transmit signal. The first solvability concept, which was
formally introduced in [16], [23], is strong solvability.

Definition 1 (Strong solvability of the PAPR problem). For
an ONS {¢y }rez in L?(u) and a set K C Z, we say that the
PAPR problem is strongly solvable with finite constant Cgx,
if for all a € (2(K) there exists a b € £2(K%) such that

Z ardr + Z b

keKx kek?t

< Cexllallcy- (@)

Leo(p)

We call the PAPR problem strongly solvable if it is strongly
solvable for some finite constant Cgx.

If the PAPR problem is strongly solvable then the peak value
of the transmit signal

5= Zak¢k+ Z b

kek kek®
—_———
=:A =:B
can be controlled, i.e., bounded from above by Cex/||a| ¢ (k).

for all information sequences a € ¢2(K). Note that we have

3)

122y =l + Bl

because Parseval’s equality. It follows that

||b||?2(;cc) = HS”ZL?(M) - Ha||?2(iq
< sl Fe () = lallZ2 iy
< Cixllall?z ey — llall?
= Uexllailez (k) alle2(c)
= (Céx — DllallZ: ) “)

where we used (2) in the last inequality. Thus, the energy of the
compensation signal [|B|7z,, = Hb”?z()cﬂ) is bounded from
above by a constant factor Cy — 1 times the energy of the
information signal ”A”%Z(u) = ||aH§2(KG)' As a consequence,
the constant Cgx controls not only the peak value of the
transmit signal via (2), but also the energy of the compensation
signal via (4). For practical applications it is desirable to have
the minimum possible constant Cgx in (2) as small as possible.
There is a natural lower bound on the minimum possible
constant Cgx. Since

PAPR(s) — lIsll zo= () < Cexllall L2 ()
l[sll L2y llall L2 ()
we obtain from (1) that Cgx > 1. Finding the minimum
possible constant for a given ONS is a challenging task, which
has been solved only for very few ONSs, e.g., the Walsh ONS
(see Example 1). Note that the inequality (5) also shows that
the constant Cgx is an upper bound on the PAPR value of s.
In [16], [18] an interesting alternative characterization of
strong solvability was given. In this characterization the set

<Cgx, (5)

FHK) = {feLl(u):f: Zak@ for some {ay }rex C C}

ke
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plays an important role. The theorem is as follows.

Theorem 1. Let {¢,}nen be a bounded complete ONS in
L?(u), K C N, and Cgx > 0. The PAPR problem is strongly
solvable for {¢p, }nen and K with constant Cgyx if and only if
we have

1 £lz2 ) < Cexll fll L) (6)

for all f € FHK).

Remark 1. Theorem 1 was initially stated in [16], [18] for the
Lebesgue measure on the interval [0,1] and not for general
measure spaces. However, a closer inspection of the proof
shows that it can easily generalized to separable probability
spaces (2,2(, u). For the “«<” direction of the proof, the
Hahn-Banach theorem is needed and the fact that the dual
space of L'([0,1]) is L>°([0,1]). Both are equally true in
our probability space setting. The “=" direction follows
immediately without changes.

It is easy to show there exist infinite sets L C Z for which
the PAPR is strongly solvable.
We will give two examples next.

Example 1. For the Walsh ONS {w,, },en in L?[0, 1] (CDMA
case) we can use the information set IC = {2l}leNu{O}~ Then
the PAPR problem is strongly solvable, and it can be shown
that the optimal extension constant is Cgx = V2 [24)].

Example 2. For the Fourier ONS {e?* 27}, 7 in L?|0,1]
(OFDM case), the same information set X = {QI}leNU{O}
makes the PAPR problem strongly solvable. However, in this
case the optimal extension constant is yet unknown.

For OFDM, using the complex exponentials, and CDMA,
using the Walsh functions, the information sets /C for which
the PAPR is strongly solvable need to be sparse, similar to
Examples 1 and 2, where the gaps grow larger and larger
[19], [25]. In [16] the following result was proved for OFDM:
If £ C Z is a set such that the PAPR is strongly solvable for
JC with some finite extension constant Cgx then we have

. [ENIEN ]
2N +1

N—o00

=0,

that is, the relative density of the information set in [—NN, N]
needs to go to zero. A similar result was shown in [18], [23]
for the Walsh system: If X C N is a set such that the PAPR
is strongly solvable for K with some finite extension constant
Cgx then we have

. |Kn1,N]

lim

=0.
N—o00 N

This is true regardless of the specific value of the constant
Cgx.

In view of the discouraging results about the density of
the information set, one could ask if it is too restricting to
require (2), i.e., the control of the peak value by a constant
Cgx times the norm of a. Therefore, in [18] the concept of
weak solvability was introduced.
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Definition 2 (Weak solvability of the PAPR problem). For an
ONS {¢k}rezr in L?*(p) and a set K C Z, we say that the
PAPR problem is weakly solvable if for all a € (2(K) we
have

inf < o0.

ber2 (KB)

> antk+ Y ok

keK kekt

@)
Lo (p)
This is a weaker form of solvability compared to strong

solvability, as stated in Definition 1. The peak value of the
transmit signal

s=Y axdit+ Y bidn ®)
kek kek®
N——
=:A =:B

is only required to be bounded and not to be controlled by
the norm of the sequence a = {ax }rex as in (2). We want to
show next that this gives only a very weak form of control of
the energy of the compensation signal. Since

1812 ey < N2,
according to (3), and

||5||L2(u) < HSHL"O(;t)v

it follows that
)

Hence, we see that the energy of the compensation signal is
bounded if the PAPR reduction problem is weakly solvable.
We further see that the finiteness of the energy of the com-
pensation signal is a necessary condition for the finiteness of
the PAPR: If the transmit signal s has a finite PAPR, then we
necessarily have ||s||(,) < oo according of the definition of
the PAPR, and it follows from (9) that | B]|7.(,) < cc. Note
that the orthogonality of the carrier functions {¢y}rer was
essential for the above calculations.

If for a given a € £2(K) we have (7), then the corresponding
transmit signal s satisfies PAPR(s) < co. And conversely,
if for a given a € (2(K) we can find a b € (2(KC) such
that the transmit signal s satisfies PAPR(s) < oo, then we
have (7). Thus, the PAPR problem is weakly solvable if and
only if for every information sequence a € £%(K) there exists
a compensation signal B such that the transmit signal s, as
defined in (8), satisfies PAPR(s) < oc.

Remark 2. For a given a € (%(K), the set of b € (2(KC) such
that the norm in (7) is finite, is a convex set. Thus, finding
the infimum in (7) is in fact a convex optimization problem,
as soon as the set of b € ¢2(KC) that make the norm in (7)
finite, is known. We will discuss this point in more detail in
Section VI.

IBIZ2 0y = 1Bl52cey < NslZoe -

Clearly, strong solvability always implies weak solvability.
In [18] the question was raised if maybe the converse implica-
tion is also true, that is, if maybe both concepts are equivalent.
In [19] this equivalence was proved for OFDM by showing
that weak solvability implies strong solvability. The question
remained whether it is also true for other ONS. The goal of
this work is to prove the equivalence of strong solvability and
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weak solvability for general complete ONS. Since the proof
in [19] was tailored to the specific properties of the OFDM
ONS, we need to use a completely different approach here.
If for a given ONS {¢}rer in L?*(n) and set K C T
the PAPR problem is not weakly solvable, there exists an
information sequence a € ¢2(K) such that the peak value
of the transmit signal cannot be bounded, i.e., (7) does not
hold. In Section VI we will study the structure of the set of
information sequences a for which (7) does not hold, and will
see that if the PAPR problem is not weakly solvable, “almost
all” information sequences lead to an unbounded signal s.

V. EQUIVALENCE OF SOLVABILITY CONCEPTS

The goal of this section is to show that for arbitrary
complete ONS, weak solvability, as stated in Definition 2,
implies strong solvability, as stated in Definition 1. Hence,
both concepts of stability are equivalent.

To this end, we start with the following simple lemma,
which gives a different but equivalent characterization of the
weak solvability concept.

Lemma 1. Let {¢,}nen be an ONS in L?*(u) and K C N.
The PAPR problem is weakly solvable for {¢y, }nen and K if
and only if for all a € (*(K) there exists a f, € L>(u1) such
that

1
/ fa®r dp = ag,
0
forall k € K.

Proof. “=": Assume that the PAPR problem is weakly solv-
able for {¢, }nen and K. Then we have

> adk+ Y ok

kex kekx?t

inf
bel2(KC)

< 0.
L= ()
It follows that there exists a b* € ¢2(KC) such that for
fo=> axdp+ > biow,
ke kek®

where the convergence of the sums is in the L?(x) norm, we
have || fa|| Lo () < oco. Further, since {¢,, }ncn is an ONS, we
have

/Qfa%d/‘: Ak

for all k£ € K.
“e": Let a € (%(K) be arbitrary but fixed. According to
the assumption, there exists a f, € L°(p) such that

/Qfa@ ds = a

for all k € K. Since f, € L>®(u) C L?*(u), the series

expansion
§ CnPn

neN

(10)

with {c,}nen € ¢% converges to f, in the L?(y) norm.
Since the convergence of the series (10) is unconditional, the

reordering
> ardk+ > btk

kek ket
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with ap, = ¢, for kK € K and by = ¢ for k € KC also
converges to f,. Since f, € L>°(u), this implies that

> ardr+ Y biok

= Hfa”LW(u) < o0,

kek kekt Lo (1)
and it follows that the PAPR problem is weakly solvable for
{¢n}n6N and K. O

In the next theorem our main result is presented.

Theorem 2. Let {¢,, }nen be a complete ONS in L? (1) with
SUP,enl|®nlloc < 00, and K C N, such that the PAPR
problem is weakly solvable. Then the PAPR problem is strongly
solvable, i.e., there exists a constant Cgx = Cgx(K, {¢, }nen)
such that for all a € 12(K) we can find a b € (2(KC) such
that

nekl nekt

< Cexllalle2(x)-

Leo(p)
For the proof of Theorem 2 we need the following lemma
and the set

M(lC){feL"O(u):/quﬁnduO \me/c}.

Lemma 2. M(K) is a closed subspace of L™ (u).

Proof. Clearly, M(K) has a linear structure, i.e., is closed
with respect to addition and multiplication with complex
scalars. It remains to prove that M(K) is closed. Let { f1, }men
be an arbitrary sequence in M(K) that converges in L (u).
That is, there exists a f, € L () such that lim,, || f« —
fmllLe(uy = 0. We need to show that f, € M(K). For
m €N, n € K we have

’/Qf*(bn dp| = ‘/Qf*(bn du_/Qfmd)n d,u‘
= ‘/(f* _fm)(bndﬂl
Q
< Npnllpoe gl fe = finllzoe -

Letting m go to infinity, we see that

[ £ | =0
Q
for all n € K, which implies that f. € M(K). O

In the proof of Theorem 2 we also employ the bounded
inverse theorem, which is a consequence of the open mapping
theorem [26, pp. 99]. We state the bounded inverse theorem
next for convenience.

Theorem 3 (Bounded Inverse Theorem). Let By, Bo be two
Banach spaces. If T': By — Bs is a bounded linear operator
which is also bijective then the inverse operator T~': By —
By is bounded as well.

Now we are in the position to prove Theorem 2.

Proof of Theorem 2. For f € L*(u) we define the set

[f]{QGLOO(N):/Q(fQ)%dHOVnEIC}.
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Let Qx denote the quotient set L>(u)/M(K), consisting of
all the sets [f], f € L°(u). Qi has a linear structure: we
have aff] = [af] and [f] + [g] = [f + g]. Further,

I llex = inf |If + gl

geEM(K)

defines a norm on Q. Equipped with this norm Qx becomes
a Banach space.

Next, we consider the operator Rx: Qx — ¢2(K), defined
by

(Relf]) (k) = /Q fordu, kek.

For r € M(K) we have

[ Ric[fllezxc) =

= </f+r|2du>2
Q
<|If +rllzee ), (11)

where we used Parseval’s equality in the second to last line
and Holder’s inequality in the last line. Since the left hand
side of (11) does not depend on 7, it follows that

1 Ric[f]lle2 i) < re.i/\I/ltf(‘IC)Hf + 7| oo ()

= [l -

This shows that the operator Rx: Qx — ¢?(K) is well-defined
and bounded. Further, from Ri([fi] + [f2]) = Rk[fi] +
Ric[fa], [f1] [f2] € Qx, and Ri(alf]) = aRklf], o € C,
[f] € Ok, we see that R is a linear operator.

Let [f1], [f2] € Qi be arbitrary such that Ri[f1] = Ri[f2].
It follows that

(ReLFD(8) = (ReLRD(®) = [ (Fr = )5 dp =0
for all k € K. Since {¢y, }nen is a complete ONS, this shows
that f; = fo p-a.e., which in turn implies that [f1] = [f2].
Hence Ry injective.

Since, according to the assumptions of the theorem, the
PAPR problem is weakly solvable, we have due to Lemma 1
that for every a € ¢?(K) there exists an f, € L°(u) such
that

/fa%dﬂ:a/m keK.
Q

Hence, there exists a [f,] € Qi such that Rx[f,] = a. Since
a € (?(K) was arbitrary, we see that R Qx = ¢*(K). That is
Ry is also surjective.

We established the fact that Ry : Qx — £2(K) is a bijective
bounded linear operator. As a consequence of Theorem 3, there
exists a bounded linear operator E)c such that Fx = R,El.
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Let € > 0 and a € (*(K) be arbitrary. Then we have

EIC(G’) = [fa] and

I[falllox < [1Ekllez(c)—ox llallez k) (12)
Further, according to the definition of || - ||g, ., there exists a
ge.a € [fa] such that

9e.allzoeuy < lllfalllox + €llallez ) (13)

Since ge q € [fo] we have

/ ge,a@ d/J’ =ag, kek.
Q
Combining (12) and (13), we see that

9e,all oo () < Bk lez )= 0i + Ellallezic)-

Hence, for all € > 0, the PAPR problem is strongly solvable
with extension constant || Ex|/s2x)— o, + € According to
Theorem 1, it follows that for all f € F'(K) and all € > 0 we
have

I flz2 ) < Bl 0y o + NIt

Taking the limit € — 0 on both sides of the inequality yields

(FAIFEI

< |Exllezc)— o | fll 21 ()

for all f € §'(K). Employing Theorem 1 again, we see that
the PAPR problem is strongly solvable even with extension
constant || Eic||¢2(x)— 0y - O

VI. APPLICATION

Next, we apply the theory from the previous sections. We
analyze the question what happens if, for a given complete
ONS {¢n}nen and set £ C N, the PAPR problem is not
strongly solvable for any constant Cgx. In this case, the PAPR
problem is also not weakly solvable, according to Theorem 2.

For a given complete ONS {¢,, }nen and set £ C N, let

> anbn+ Y butn <oo}.
Leo(p)

nek nek?l
We have B(a) = 0 if and only if the PAPR problem is not
weakly solvable. In [19] the set

B(a) = {be€2 (K®):

D = {a € *(K): B(a)

0},

which contains all information sequences a € ¢2(K) for which
the PAPR problem is not weakly solvable, was analyzed for
OFDM. It was shown that if for {e”>™* }, .7 and K C Z
the PAPR problem is not weakly solvable, then the set D
is a residual set, i.e., is big in a topological sense. Thanks
to Theorem 2 we can extend this result to general complete
ONSs.
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Remark 3. B(a) is convex set. If B(a) # () then we have for
arbitrary by, by € B(a) that by = (1 — \)by 4+ Aby € £2(KP).
Further, we have

Z an¢n + Z b)\,n(;bn

nex neikct Loo(p)
Zan¢n Z b1 n¢n +A Z bo n¢n
nekx nek?C nek’ Leo(p)
- ) (Zan¢n + Z bl,n¢n>
nex nekt
- A(Zan% + > b n¢n>
nek neK® L= ()
—A) (an + ) bl,mn)
nek nekt Lo ()
A (Zand)n + Z b2,n¢n>
nek neKs L ()
< 00,

which shows that by € B(a). The convexity of the set B(a)
and the L°°(u)-norm implies that finding the infimum in (7)
is in fact a convex optimization problem as soon as B(a) is
given. However, in general B(a) is unknown.

Theorem 4. Let {¢,, }nen be a complete ONS in L?(u) and
K C N such that the PAPR problem is not weakly solvable.
Then the set

D = {a € *(K): Bla) =0}

is a residual set.

Proof. For M € N let

I { € 2(K): 3f € (), | fll i~ < M

with / for du = ay, k € IC}.
Q

We have

= 2u.

MeN

Assume that the PAPR problem is not weakly solvable.
Then there exists an a € ¢?(K) such that B(a) = (. We will
show that

D¥ = {a € £*(K): B(a) # 0}

is a set of first category. According to the definition of a
residual set, this implies that D is a residual set.

We prove that, for all M € N, the set Z; is nowhere dense
in /2(K). Then it follows that DC, as the countable union of
nowhere dense sets, is a set of first category.

We do a proof by contradiction: We assume that there exists
an My € N such that Zj, is not nowhere dense, and show
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that this assumption leads to a contradiction. According to the
assumption there exist an @ € ¢?(K) and a § > 0 such that

Zyp, N B5(d)
is dense in Bs(a), where
Bs(a) = {a € *(K): [la — alle2qc) < 6}
denotes the open ball at a with radius d.
Let a € Bs(a) be arbitrary. Since Zz, N Bs(a) is dense in
Bs(@), there exists a sequence {a™)}nen C 2y, N Bs(a)

such that
Jim [|a a™ 2y = 0.

Further, for every N € N, there exists an fy € L*(u) with
| fn 1 Loe (uy < Mo such that

/ fN%du = aECN)7
Q

Recall that L'(u) is a separable Banach space. Hence, the
closed unit ball in L> (1) is sequentially compact in the weak*
topology, according to the Banach—Alaoglu theorem [27, p. 68,
Th. 3.17]. Tt follows that there exists an f. € L>(u),
| fell oo (u) < Mo and a subsequence of the natural numbers
{n,}ren such that

kelk.

lim
T—> 00

fn gdp= / feg du
Thus we have for k € IC that

/ Fdedp = tim [ £, d

_ (N )
= Jim af

for all g € L'(p

= ag.

Hence, we see that a € Z,. Since a € Bs(a) was arbitrary, it
follows that Bs(a) C Zjy,, which also implies that @ € Z)y,.

According to the assumption of the theorem the PAPR is
not weakly solvable. Hence, there exists an @ € ¢2(K) with
B(a) = 0. We set

a:=a+ a € Bs(a) C Zypy,.

2[|all¢2 i)
Hence, there must exist an f; € L>(u), || f1llzeen) < Mo
such that

/f1@dM=0¢k7 keK.
Q

Since @ € Z )y, there exists an fo € L>(p), || f| oo () < Mo
such that

/f2@d/i=dk, ke K.
Q

o 2|
allez(x
Ja = == (= fo)
we have
20(ale2
1ol = =521 = fallz=o
20(allez
< == il + 1ol )
< 4Hd||£}(IC)MO)
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which shows that f35 € L>(u). For k € KC, we have

. 9 R )
/ f3r du = g(ak —ag) =ay, kek.
Q

Therefore, we have a € NZM’ where M is the smallest
natural number such that M > 4|a| ¢ xcyMo/d. Tt follows
that B(a) # 0, which is a contradiction. O

VII. CONCLUSION

As discussed in the introduction, central questions in the
context of tone reservation are: What is the best possible
reduction of the PAPR? And: What is the optimal information
set that achieves this reduction? The answers to these questions
are difficult to obtain and generally unknown. By proving that
strong solvability is equivalent to weak solvability, i.e., that a
distinction between both concepts is not needed in general
multi waveform transmission schemes employing bounded
complete ONSs, we establish a first key result towards an-
swering the above questions.
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